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Abstract
In this note, for a C∗-algebra A, we define a matrix-trace on the C∗-algebra Mn(A) to
be a positive linear mapping τ : Mn(A)→ A such that τ(u∗au) = τ(a) (∀a ∈ Mn(A), ∀u ∈
U(Mn(A))) and τ(a2)  (τ (a))2 (∀a  0). We give some basic properties of a matrix-trace
and prove that if A is a unital Abelian C∗-algebra, then a map τ is an A-module matrix-trace
on Mn(A) if and only if there exists an element λ of A with 0  λ  λ2 such that τ(a) =
λ · tr(a) (∀a = [aij] ∈ Mn(A)), where tr(a) =∑ni=1 aii. © 2001 Elsevier Science Inc. All
rights reserved.
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1. Introduction
Recently, Yang in [1] proved a matrix-trace inequality
0  tr(AB)n  tr(A)ntr(B)n, (1)
where A and B are positive semidefinite matrices over C of the same order and n
is any positive integer. For related works refer to [2–7], which are continuations
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of the work of Bellman [2]. In this note, for a C∗-algebra A, we define a matrix-
trace on the C∗-algebra Mn(A) to be a positive linear mapping τ : Mn(A)→ A such
that τ(u∗au) = τ(a) (∀a ∈ Mn(A), ∀u ∈ U(Mn(A))) and τ(a2)  (τ (a))2 (∀a 
0). We give some basic properties of a matrix-trace and prove that if A is unital and
Abelian, then τ is an A-module matrix-trace on Mn(A) if and only if there exists an
element λ of A with 0  λ  λ2 such that τ(a) = λ · tr(a) (∀a = [aij] ∈ Mn(A)),
where tr(a) =∑ni=1 aii.
Throughout this note, we assume that A is a unital C∗-algebra and Mn(A) is
the C∗-algebra of all n× n matrices over A. Denote by Mn(A)+, U(Mn(A)) and
Her(Mn(A)) the sets of all positive elements, all unitaries and all Hermitian elements
of Mn(A), respectively. N denotes the set of all positive integers and C is the complex
field. In the case that A is Abelian, (A) is the character space of A that is the space
of all characters of A.
Definition 1. A positive linear mapping τ : Mn(A) −→ A is called a matrix-trace
on Mn(A) if it satisfies the following conditions:
(I) τ(u∗au) = τ(a) ∀u ∈ U(Mn(A)) and ∀a ∈ Mn(A);
(II) τ(a2)  (τ (a))2 ∀a ∈ Mn(A)+.
Definition 2. A matrix-trace τ on Mn(A) is called an A-module matrix-trace on
Mn(A) if it is also an A-module homomorphism, i.e.,
τ(ra + sb) = rτ (a)+ sτ (b) ∀r, s ∈ A and ∀a, b ∈ Mn(A).
It is clear that the usual trace tr on Mn(C) is a matrix-trace.
Proposition 1. Let τ be a matrix-trace on Mn(A). Then
(a) τ is ∗-preserving, i.e., ∀a ∈ Mn(A), τ (a∗) = (τ (a))∗;
(b) ∀a, b ∈ Mn(A), and k ∈ N, τ((ab)k) = τ((ba)k);
(c) ∀a, b ∈ Mn(A)+ and ∀k ∈ N, τ((ab)k)  0;
(d) ∀a, b ∈ Her(Mn(A)) and k ∈ N, (τ((ab)k))∗ = τ((ab)k).
Proof. (a) This is from the positivity of τ .
(b) ∀u ∈ U(Mn(A)) and ∀a ∈ Mn(A), from property (I) we have τ(ua) = τ
(u∗(ua)u) = τ(au). It follows from this and the property Mn(A) = spanU(Mn(A))
that the statement (b) is true for k = 1. Thus, ∀a, b ∈ Mn(A), and k ∈ N with k  2,
we obtain
τ((ab)k) = τ((a · b(ab)k−1) = τ(b(ab)k−1 · a) = τ((ba)k).
(c) It is easy to see that ∀a, b ∈ Mn(A)+ and ∀k ∈ N we have (ab)k−1a  0.
Thus, by (b) and the positivity of τ , we obtain τ((ab)k) = τ(b1/2 · (ab)k−1a · b1/2) 
0.
(d) It is obtained from (a) and (b). 
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Proposition 2. Let A be an Abelian C∗-algebra, τ be a matrix-trace on Mn(A) and
N be the set of all positive integers. Then
(a) ∀a, b ∈ Mn(A), |τ(b∗a)|2  τ(a∗a)τ(b∗b);
(b) ∀a, b ∈ Mn(A)+, 0  τ(ab)  τ(a)τ (b);
(c) ∀a ∈ Mn(A)+ ∀k ∈ N, 0  τ(ak)  (τ (a))k;
(d) ∀a ∈ Mn(A), τ (a∗a)  Re τ(a2), where Re x denotes the real part of x in A.
Proof. (a) Let φ be an arbitrary element of (A) and define 〈a, b〉 = φ(τ(b∗a)).
Then we obtain a semi-inner product on Mn(A). Thus ∀a, b ∈ Mn(A), we have
|φ(τ(b∗a))|2  φ(τ(a∗a))φ(τ(b∗b)),
that is,
φ(|τ(b∗a)|2)  φ(τ(a∗a)τ(b∗b)).
This shows the desired inequality.
(b) ∀a, b ∈ Mn(A)+, we see from (a) that
0  τ(ab) 
[
τ(a∗a)τ(b∗b)
]1/2  τ(a)τ (b).
(c) This is from (b).
(d) ∀a ∈ Mn(A), we have (i(a − a∗))2 ∈ Mn(A)+ and so
0  τ((i(a − a∗))2) = 2[τ(a∗a)− Re τ(a2)].
This completes the proof. 
Theorem 1. Let A be a unital Abelian C∗-algebra and τ be a matrix-trace on
Mn(A). Then for every positive integer k, we have
0  τ((ab)k)  τ(a)kτ (b)k ∀a, b ∈ Mn(A)+. (2)
Proof. Let a, b ∈ Mn(A)+. Then by Proposition 2(b), we see that ∀m ∈ N
τ((ab)2m) = τ(a · (ba)2m−1b)  τ(a)τ ((ba)2m−1b), (3)
and
τ((ba)2m−1b)= τ(b(ab)2(m−1)ab) = τ((ab)2(m−1)a · b2)
 τ((ab)2(m−1)a)τ (b2) = τ((ba)2(m−1)a)τ (b2)
= τ(a(ba)2(m−1)−1(ba))τ (b2) = τ((ba)2(m−1)−1b · a2))τ (b2)
 τ((ba)2(m−1)−1b)τ(a2)τ (b2).
Hence,
τ((ba)2m−1b)  τ(bab)[τ(a2)]m−1[τ(b2)]m−1  [τ(a)]2m−1[τ(b)]2m.
Using (3), we get 0  τ((ab)2m)  [τ(a)]2m[τ(b)]2m. Similarly, we can show that
0  τ((ab)2m−1)  [τ(a)]2m−1[τ(b)]2m−1. Consequently, the desired inequality (2)
holds for all k in N. 
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To prove Theorem 2, we need a standard lemma whose proof is omitted.
Lemma 1. Let α be in Mn−1(A), γ ∈ A and β be a (n− 1)× 1 matrix over A. If
the block-matrix
M :=
(
α β
β∗ γ
)
is positive in Mn(A), then γα  ββ∗.
Theorem 2. Let A be a unital Abelian C∗-algebra. Then a map τ : Mn(A)→ A is
an A-module matrix-trace on Mn(A) if and only if there exists an element λ of A with
0  λ  λ2 such that
τ([aij]) = λ
n∑
k=1
aii ∀[aij] ∈ Mn(A). (4)
Proof. Let Eij be the n× n matrix over A whose (i, j)-entry is 1 and others are all
0. Thus EijElk = δj,lEik, and for every a = [aij] ∈ Mn(A), we have
a =
n∑
i,j=1
aijEij ∀a = [aij] ∈ Mn(A). (5)
(⇐): For every matrix a = [aij] ∈ Mn(A), define
tr(a) =
n∑
i=1
aii.
It is easy to see that tr : Mn(A)→ A is a positive A-module homomorphism. It is
easy to check that tr(EijElk) = tr(ElkEij). Thus, for every a = [aij], b = [blk] in
Mn(A), we obtain
tr(ab)= tr



 n∑
i,j=1
aijEij



 n∑
l,k=1
blkElk




=
n∑
i,j,l,k=1
aijblk tr(EijElk)
=
n∑
i,j,l,k=1
aijblk tr(ElkEij)
= tr



 n∑
l,k=1
blkElk



 n∑
i,j=1
aijEij




= tr(ba).
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Now, for every unitary u ∈ Mn(A), we see that tr(u∗au) = tr(auu∗) = tr(a). Hence,
τ satsfies condition (I) of Definition 1. Next, we show by induction that τ satisfies
condition (II). In the case n = 2, for every positive element a = [aij] in M2(A), we
have
[tr(a)]2 = a211 + 2a11a22 + a222, (6)
tr(a2) = a211 + a12a21 + a21a12 + a222 = a211 + 2a12a∗12 + a222. (7)
Since a  0, Lemma 1 yields that a11a22  a12a∗12. Therefore, from (6) and (7) we
obtain tr(a2)  [tr(a)]2. Assume that
tr(α2)  [tr(α)]2 ∀0  α ∈ Mn−1(A). (8)
Now, for every positive element a of Mn(A), we can write
a =
(
α β
β∗ γ
)
,
where 0  α ∈ Mn−1(A), 0  γ ∈ A. We compute
tr(a2) = tr(α2 + ββ∗)+ β∗β + γ 2 = tr(α2)+ 2 tr(ββ∗)+ γ 2, (9)
[tr(a)]2 = [tr(α)+ γ ]2 = [tr(α)]2 + 2 tr(γ α)+ γ 2. (10)
From Lemma 1, we have γα  ββ∗ and so tr(γ α)  tr(ββ∗). It follows from (9) and
(10) that tr(a2)  [tr(a)]2. This proves that tr : Mn(A)→ A satisfies all conditions
in Definition 1 and therefore it is an A-module matrix-trace. Therefore, for every
λ ∈ A with 0  λ  λ2, τ = λ · tr is also an A-module matrix-trace on Mn(A).
(⇒): Let τ : Mn(A)→ A be an A-module matrix-trace on Mn(A). Since
Eii(Eii + Eij)− (Eii + Eij)Eii = Eij (i /= j), (11)
from Proposition 1(b) we see that τ(Eij) = 0 (i /= j). It is easy to see that there is a
unitary u in Mn(A) such that τ(Eii) = τ(u∗Eiiu) = τ(E11) for all i = 1, 2, . . . , n.
Now, (5) yields τ(a) = λ · tr(a), where λ = τ(E11). Clearly, λ2 = (τ (E11))2  τ
(E211) = λ  0.
The proof is completed. 
Corollary 1. Let A be a unital C∗-algebra. Then the map tr(a) :∑ni=1 aii is a ma-
trix-trace on Mn(A) if and only if A is Abelian.
Proof. The sufficiency is given by Theorem 2. Let tr be a matrix-trace on Mn(A).
Then for every a, b ∈ A, we have
ab = 1
n
tr(abIn) = 1
n
tr(aIn · bIn) = 1
n
tr(bIn · aIn) = 1
n
tr(baIn) = ba. 
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